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ELLIPTIC PAINLEVE´ EQUATIONS FROM NEXT-NEAREST-NEIGHBOR
TRANSLATIONS ON THE E
(1)
8
LATTICE
NALINI JOSHI AND NOBUTAKA NAKAZONO
Abstract. The well known elliptic discrete Painleve´ equation of Sakai is constructed by a
standard translation on the E
(1)
8
lattice, given by nearest neighbor vectors. In this paper, we
give a new elliptic discrete Painleve´ equation obtained by translations along next-nearest-
neighbor vectors. This equation is a generic (8-parameter) version of a 2-parameter elliptic
difference equation found by reduction from Adler’s partial difference equation, the so-
called Q4 equation. We also provide a projective reduction of the well known equation of
Sakai.
1. Introduction
At the head of the list of discrete Painleve´ equations described by Sakai sits an elliptic
difference equation, which has attracted a great deal of attention in recent times. This
equation [17,22] has the affine Weyl group symmetry of type E
(1)
8
and a perennial question
is whether it is unique as the only elliptic-difference-type discrete Painleve´ equation. While
two other candidate equations are now known [18, 20], these are related to Sakai’s elliptic
difference equation. In this paper, we deduce elliptic-difference equations for the first time,
which are not related to Sakai’s equation by either a Miura transformation or by projective
reduction. We do this by considering different (non-conjugate) translations on the E
(1)
8
lattice and describing these translations under the action of Jacobian elliptic functions.
A discrete Painleve´ equation is an ordinary difference equation, which is iterated by
translation in an affine Weyl group, where translation corresponds to vectors in the root-
or (equivalently) weight-lattice [4, 11]. Sakai’s elliptic difference equation is realized by
translation on the E
(1)
8
lattice.
To describe the construction, we first explain how such translations are characterized.
Fix a point in the E
(1)
8
lattice. Then there are 240 nearest neighbors of this point in the
lattice, lying at a distance whose squared length is equal to 2. We refer to the 120 vectors
between this fixed point and its possible nearest neighbors as nearest-neighbor-connecting
vectors (NVs). Similarly, there are 2160 next-nearest neighbors, lying at a distance whose
squared length is 4. The 1080 vectors between the fixed point and such next-nearest
neighbors will be referred to as next-nearest-neighbor-connecting vectors (NNVs). In [22]
and [18], elliptic difference equations were constructed as translations expressed in terms
of NVs.
In a previous study [2], we considered another elliptic difference equation (Equation
(1.1)), which was obtained by reduction from a partial difference equation [20]. Curiously,
its symmetry group turns out to be W(F
(1)
4
), a sub-group of W(E
(1)
8
). Moreover, its time
iteration turns out not to be given by translation on the E
(1)
8
lattice. However, its square
(i.e., composition with itself) is a translation. We have discovered that this translation
is expressed in terms of NNVs, which makes it very different to the elliptic difference
equations in earlier papers [18, 22]. Note that independent study by Carstea et al. [3] has
also led to equations with translations given by NNVs.
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Generalizing this surprising insight led us to the discovery of a new elliptic Painleve´
equation (3.27), which can be regarded as the generic version of Equation (1.1). The term
generic here refers to the fact that it contains the largest number of parameters possible as
an equation with symmetry groupW(E
(1)
8
). It has 8 parameters in addition to the indepen-
dent variable. Moreover, we also obtain a projective reduction of Sakai’s elliptic difference
equation (3.36), which contains 4 parameters in addition to the independent variable.
All of these elliptic difference equations have the same space of initial values, regular-
ized by blowing up 8 points in arbitrary position in P1 × P1. The space of initial values is
labelled as A
(1)
0
. We emphasize here that this characterization of the space of initial val-
ues is not enough to distinguish the four different elliptic difference equations described
above. We provide evidence that different (non-conjugate) translations in W˜
(
E
(1)
8
)
lead to
distinct elliptic difference equations. All four elliptic difference equations are described in
this paper in terms of Jacobian elliptic functions for the sake of uniformity, because this is
the form originally given for Equation (1.1).
1.1. Background. Discrete Painleve´ equations are nonlinear ordinary difference equa-
tions of second order, which include discrete analogues of the six Painleve´ equations: PI,
. . . , PVI. Together with the Painleve´ equations, the discrete Painleve´ equations are now re-
garded as one of the most important classes of equations in the theory of integrable systems
(see, e.g., [8]).
Sakai’s geometric description of discrete Painleve´ equations, based on types of space
of initial values, is well known [22]. This picture relies on compactifying and regularizing
space of initial values. The spaces of initial values are constructed by the blow up of P1×P1
at eight base points (i.e. points where the system is ill defined because it approaches 0/0)
and are classified into 22 types according to the configuration of the base points as follows:
Discrete type Type of surface
Elliptic A
(1)
0
Multiplicative A
(1)∗
0
, A
(1)
1
, A
(1)
2
, A
(1)
3
, . . . , A
(1)
8
, A
(1)′
7
Additive A
(1)∗∗
0
, A
(1)∗
1
, A
(1)∗
2
, D
(1)
4
, . . . , D
(1)
8
, E
(1)
6
, E
(1)
7
, E
(1)
8
In each case, the root system characterizing the surface forms a subgroup of the 10-
dimensional Picard group. The symmetry group of each equation, formed by Cremona
isometries, arises from the orthogonal complement of this root system inside the Picard
group. Its birational actions give the discrete Painleve´ equation of interest in each case.
Recently, the following elliptic Painleve´ equation was obtained from the reduction of
Adler’s partial difference equation (or, Q4 equation) [20]:
y˜ =
(1 − k2sz4)cgedge xy − (cg
2
e − cz
2)cz dz − (1 − k2sg2esz
2)cz dz x2
k2(cg2e − cz
2)cz dz x2y − (1 − k2sz4)cgedge x + (1 − k
2sg2esz
2)cz dz y
, (1.1a)
x˜ =
(1 − k2ŝz
4
)cgodgo y˜x − (cg
2
o − ĉz
2
)ĉz d̂z − (1 − k2sg2oŝz
2
)ĉz d̂z y˜2
k2(cg2o − ĉz
2
)ĉz d̂z y˜2x − (1 − k2ŝz
4
)cgodgo y˜ + (1 − k
2sg2oŝz
2
)ĉz d̂z x
, (1.1b)
where k is the modulus of the elliptic sine,
sz = sn (z0) , ŝz = sn (z0 + γe + γo) , sge = sn (γe) , sgo = sn (γo) , (1.2a)
cz = cn (z0) , ĉz = cn (z0 + γe + γo) , cge = cn (γe) , cgo = cn (γo) , (1.2b)
dz = dn (z0) , d̂z = dn (z0 + γe + γo) , dge = dn (γe) , dgo = dn (γo) , (1.2c)
and
˜ : (γe, γo, z0) 7→
(
γe, γo, z0 + 2(γe + γo)
)
. (1.3)
See Appendix A for standard results about Jacobian elliptic functions.
In [2], the geometry of Equation (1.1), i.e., its space of initial values and corresponding
Cremona isometries, was investigated. The space of initial values of Equation (1.1) was
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identified with the elliptic A
(1)
0
-surface and its Cremona isometries collectively form an
affineWeyl transformation group of type E
(1)
8
, denoted byW
(
E
(1)
8
)
. Moreover, it was shown
that Equation (1.1) cannot be derived from a translation of W
(
E
(1)
8
)
but can be derived
by using a projective reduction. The process of deriving discrete dynamical systems of
Painleve´ type from elements of affineWeyl groups that are of infinite order (but that are not
necessarily translations) by taking a projection on an appropriate subspace of parameters
is called a projective reduction [12, 13]. Note that this process is motivated by taking
symmetric versions of systems of discrete Painleve´ equations, which has been known since
[21].
Although the geometry of Equation (1.1) has been clarified, the realization of Equa-
tion (1.1) from the action of Cremona isometries was missing since its base points are
parametrized by the Jacobian elliptic function (Jacobi’s setting) and birational actions of
Cremona isometries on such setting were not explicitly known.
The present study fills this gap (see Theorem 3.1), that is, we provide the realization of
the Equation (1.1) as a half-translation of the extended affine Weyl group W˜
(
E
(1)
8
)
.
In the remainder of the paper, we refer to Sakai’s elliptic Painleve´ equation [22] as the
MSY elliptic Painleve´ equation [17] because the former was obtained in P2 while the latter
was provided by resolution in P1 × P1. We work throughout the paper in P1 × P1.
1.2. Plan of the paper. This paper is organized as follows. In §2, we construct Cremona
isometries for base points (2.4) that generalize those of Equation (1.1) and show that these
form an affine Weyl group of type E
(1)
8
, denoted byW
(
E
(1)
8
)
, under the linear actions on the
Picard group. In §3, using intersection theory, we obtain the birational action ofW
(
E
(1)
8
)
on
the coordinates and parameters of the base points, and we prove that these birational actions
also satisfy the fundamental relations of an affine Weyl group of type E
(1)
8
. Adding the
identity mappings on the Picard group, we obtain the extended affine Weyl group W˜
(
E
(1)
8
)
.
Equation (1.1) and three other elliptic Painleve´ equations are then deduced from the action
of this resulting group W˜
(
E
(1)
8
)
. Finally, we give some concluding remarks in §4.
2. Cremona isometries
In this section, we construct Cremona isometries for a generalization of the base points
of Equation (1.1) and show that these isometries collectively form an affine Weyl group of
type E
(1)
8
.
Recall that Equation (1.1) has the following eight base points (see [2]):
p1 : (x, y) =
(
cd (γo + κ) , cd (z0 − γe − γo + κ)
)
, (2.1a)
p2 : (x, y) =
(
cd
(
γo + iK
′) , cd (z0 − γe − γo + iK′) ), (2.1b)
p3 : (x, y) =
(
cd (γo + 2K) , cd (z0 − γe − γo + 2K)
)
, (2.1c)
p4 : (x, y) =
(
cd (γo) , cd (z0 − γe − γo)
)
, (2.1d)
p5 : (x, y) =
(
cd (z0 + κ) , cd (γe + κ)
)
, (2.1e)
p6 : (x, y) =
(
cd
(
z0 + iK
′) , cd (γe + iK′) ), (2.1f)
p7 : (x, y) =
(
cd (z0 + 2K) , cd (γe + 2K)
)
, (2.1g)
p8 : (x, y) =
(
cd (z0) , cd (γe)
)
, (2.1h)
where K = K(k) and K′ = K′(k) are complete elliptic integrals and
κ = 2K + iK′, (2.2)
which lie on the elliptic curve
sn (z0 − γe)
2 (1 + k2x2y2) + 2cn (z0 − γe) dn (z0 − γe) xy − (x
2 + y2) = 0. (2.3)
Note that these base points contain three arbitrary parameters z0, γe, γo.
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We now generalize the number of arbitrary parameters. Take a new set of base points
given by
pi : (x, y) =
(
cd (ci + η) , cd (η − ci)
)
, i = 1, . . . , 8, (2.4)
where ci, i = 1, . . . , 8, and η are non-zero complex parameters. These generalized base
points lie on the elliptic curve
sn (2η)2 (1 + k2x2y2) + 2cn (2η) dn (2η) xy − (x2 + y2) = 0. (2.5)
These base points can be reduced to the ones given in Equation (2.1) under a specialization
of the parameters. Indeed, the points (2.4) and elliptic curve (2.5) can be respectively
reduced to the points (2.1) and the curve (2.3) by assuming
c2 = c1 + 2K, c3 = c1 + iK
′, c4 = c1 + κ, (2.6a)
c6 = c5 + 2K, c7 = c5 + iK
′, c8 = c5 + κ, (2.6b)
and letting
z0 = η + c5 + κ, γe = c5 − η + κ, γo = η + c1 + κ. (2.6c)
Remark 2.1. To distinguish between Weierstrass’s and Jacobi’s setting, we here denote
the surface characterized by the elliptic curve (2.5) as A
(1)J
0
-surface. The relation between
A
(1)
0
- and A
(1)J
0
-surface is given in Appendix B.
Let ǫ : X → P1 × P1 denote the blow up of P1 × P1 at the points (2.4). Moreover, let the
linear equivalence classes of the total transform of vertical and horizontal lines in P1 × P1
be denoted respectively by H0 and H1.
The Picard group of X, denoted by Pic(X), is given by
Pic(X) = ZH0
⊕
ZH1
8⊕
i=1
ZEi, (2.7)
where Ei = ǫ
−1(pi), i = 1, . . . , 8, are exceptional divisors. The intersection form ( | ) is
given by a symmetric bilinear form with
(Hi|H j) = 1 − δi j, (Hi|E j) = 0, (Ei|E j) = −δi j, (2.8)
where δi j is the Kronecker delta. The anti-canonical divisor of X is given by
− KX = 2H0 + 2H1 −
8∑
i=1
Ei. (2.9)
For later convenience, let
δ = −KX . (2.10)
We define the root lattice Q(A
(1)⊥
0
) =
⊕8
i=0
Zαi by the elements of Pic(X) that are
orthogonal to the anti-canonical divisor δ. The simple roots αi, i = 0, . . . , 8, are given by
α1 = H1 − H0, α2 = H0 − E1 − E2, αi = Ei−1 − Ei, i = 3, . . . , 7, (2.11a)
α8 = E1 − E2, α0 = E7 − E8, (2.11b)
where
δ = 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 + 3α8 + α0. (2.12)
We can easily verify that
(αi|α j) =

−2, i = j
1, i = j − 1 ( j = 2, . . . , 7), or if (i, j) = (3, 8), (7, 0)
0, otherwise.
(2.13)
Representing intersecting αi and α j by a line between nodes i and j, we obtain the Dynkin
diagram of E
(1)
8
shown in Figure 1.
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Figure 1. Dynkin diagram for the root lattice
⊕8
i=0
Zαi.
Definition 2.2. [6, 7, 15] An automorphism of Pic(X) is called a Cremona isometry if it
preserves
(i): the intersection form ( | ) on Pic(X);
(ii): the canonical divisor KX;
(iii): effectiveness of each effective divisor of Pic(X).
It is well-known that the reflections are Cremona isometries. In this case we define the
reflections si, i = 0, . . . , 8, by the following linear actions:
si.v = v −
2(v|αi)
(αi|αi)
αi, (2.14)
for all v ∈ Pic(X).
They collectively form an affine Weyl group of type E
(1)
8
, denoted byW
(
E
(1)
8
)
. Namely,
we can easily verify that under the action on the Pic(X) the following fundamental relations
hold:
(sis j)
li j = 1, (2.15)
where
li j =

1, i = j
3, i = j − 1 ( j = 2, . . . , 7), or if (i, j) = (3, 8), (7, 0)
2, otherwise.
(2.16)
3. Birational actions of the Cremona isometries for the Jacobi’s setting
In this section, we give the birational actions of the Cremona isometries on the coordi-
nates and parameters of the base points (2.4). By using these birational actions, we derive
various elliptic Painleve´ equations.
We focus on a particular example first to explain how to deduce such birational actions.
Recall H0 and H1 are given by the linear equivalence classes of vertical lines x = constant
and horizontal lines y = constant, respectively. Applying the reflection operator s2 given
by (2.14) to H1, we find
s2.H1 = H0 + H1 − E1 − E2, (3.1)
which means that s2(y) can be described by the curve of bi-degree (1, 1) passing through
base points p1 and p2 with multiplicity 1. (See [14] for for more detail.) This result leads
us to the birational action given below in Equation (3.2b).
Similarly, from the linear actions of si, i = 0, . . . , 8, we obtain their birational actions
on the coordinates and parameters of the base points (2.4) as follows. The actions of the
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generators ofW
(
E
(1)
8
)
on the coordinates (x, y) are given by
s1(x) = y, s1(y) = x, (3.2a) s2(y) − cd
(
2η − c1−c2
2
)
s2(y) − cd
(
2η + c1−c2
2
)

(
x − cd (η + c1)
x − cd (η + c2)
) (
y − cd (η − c2)
y − cd (η − c1)
)
=
1 −
cd(η−c2)
cd(η)
1 −
cd(η−c1)
cd(η)

1 −
cd(η+c1)
cd(η)
1 −
cd(η+c2)
cd(η)


1 −
cd
(
2η−
c1−c2
2
)
cd
(
c1+c2
2
)
1 −
cd
(
2η+
c1−c2
2
)
cd
(
c1+c2
2
)
 , (3.2b)
while those on the parameters ci, i = 1, . . . , 8, and η are given by
s0(c7) = c8, s0(c8) = c7, s1(η) = −η, (3.2c)
s2(η) = η −
2η + c1 + c2
4
, s2(ci) =

ci −
3(2η + c1 + c2)
4
, i = 1, 2
ci +
2η + c1 + c2
4
, i , 1, 2,
(3.2d)
sk(ck−1) = ck, sk(ck) = ck−1, k = 3, . . . , 7, (3.2e)
s8(c1) = c2, s8(c2) = c1. (3.2f)
Note that
λ =
8∑
i=1
ci (3.3)
is invariant under the action ofW
(
E
(1)
8
)
.
For Jacobi’s elliptic function cd (u) it is well known that shifts by half periods give the
following relations:
cd (u + 2K) = −cd (u) , cd
(
u + iK′
)
=
1
k cd (u)
. (3.4)
These identities motivate our search for the transformations that are identity mappings
on the Pic(X). Indeed, we define such transformations ιi, i = 1, . . . , 4, by the following
actions:
ι1 : (c1, . . . , c8, η, x, y) 7→
(
c1 −
iK′
2
, . . . , c8 −
iK′
2
, η −
iK′
2
,
1
kx
, y
)
, (3.5a)
ι2 : (c1, . . . , c8, η, x, y) 7→
(
c1 −
iK′
2
, . . . , c8 −
iK′
2
, η +
iK′
2
, x,
1
ky
)
, (3.5b)
ι3 : (c1, . . . , c8, η, x, y) 7→ (c1 − K, . . . , c8 − K, η − K,−x, y) , (3.5c)
ι4 : (c1, . . . , c8, η, x, y) 7→ (c1 − K, . . . , c8 − K, η + K, x,−y) . (3.5d)
Adding the transformations ιi, we extendW
(
E
(1)
8
)
to
W˜
(
E
(1)
8
)
= 〈ι1, ι2, ι3, ι4〉 ⋊W
(
E
(1)
8
)
. (3.6)
In general, for a function F = F(ci, η, x, y), we let an element w ∈ W˜
(
E
(1)
8
)
act as w.F =
F(w.ci,w.η,w.x,w.y), that is, w acts on the arguments from the left.
Theorem 3.1. Under the birational actions (3.2) and (3.5), the generators of W˜
(
E
(1)
8
)
=
〈ι1, ι2, ι3, ι4〉 ⋊ 〈s0, . . . , s8〉 satisfy the following fundamental relations:
(sis j)
li j = (ιiι j)
mi j = 1, (3.7a)
ιis j = s jιi, i = 1, 2, 3, 4, j , 1, 2, ι{1,2,3,4}s1 = s1ι{2,1,4,3}, (3.7b)
ι1s2 = s2ι1ι2, ι2s2 = s2ι2, ι3s2 = s2ι3ι4, ι4s2 = s2ι4, (3.7c)
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where
li j =

1, i = j
3, i = j − 1 ( j = 2, . . . , 7), or if (i, j) = (3, 8), (7, 0)
2, otherwise,
(3.8)
mi j =
1, i = j2, otherwise. (3.9)
Proof. Let us define the function g(z) by
g(z) =
1 −
cd(η−c2)
cd(η−z)
1 −
cd(η−c1)
cd(η−z)

1 −
cd(η+c1)
cd(η+z)
1 −
cd(η+c2)
cd(η+z)


1 −
cd
(
2η−
c1−c2
2
)
cd
(
z+
c1+c2
2
)
1 −
cd
(
2η+
c1−c2
2
)
cd
(
z+
c1+c2
2
)
 . (3.10)
The action (3.2b) can be expressed as
 s2(y) − cd
(
2η − c1−c2
2
)
s2(y) − cd
(
2η + c1−c2
2
)

(
x − cd (η + c1)
x − cd (η + c2)
) (
y − cd (η − c2)
y − cd (η − c1)
)
= g(0). (3.11)
By replacing the Jacobian elliptic function to the Jacobi theta-functions using (A.4) and
then applying the addition formula (A.9), the function g(z) can be rewritten as
g(z) =
Θ1 (η − c1)Θ1 (η + c2)Θ1
(
2η + c1−c2
2
)
Θ1 (η − c2)Θ1 (η + c1)Θ1
(
2η − c1−c2
2
) , (3.12)
which gives
g(z) = g(0). (3.13)
Therefore, the action (3.2b) can be also expressed as
 s2(y) − cd
(
2η − c1−c2
2
)
s2(y) − cd
(
2η + c1−c2
2
)

(
x − cd (η + c1)
x − cd (η + c2)
) (
y − cd (η − c2)
y − cd (η − c1)
)
= g(c3), (3.14)
which leads the proof of the relation (s2s3)
3 = 1. The other relations can be directly verified
by using the actions (3.2) and (3.5). Therefore, we have completed the proof. 
Now we are in a position to derive Equation (1.1) from the Cremona transformations
associated with A
(1)J
0
-surface. Note that for convenience we use the following notations for
the composition of the reflections si and for the summation of the parameters ci:
si1 ···im = si1 . . . sim , i1 · · · im ∈ {0, . . . , 8}, (3.15)
c j1··· jn = c j1 + · · · + c jn , j1 · · · jn ∈ {1, . . . , 8}, (3.16)
respectively. Let
RJ,1 = s5645348370675645234832156453483706756452348321706734830468 ι4ι3ι2ι1. (3.17)
8 NALINI JOSHI AND NOBUTAKA NAKAZONO
The actions of RJ,1 on the root lattice Q(A
(1)⊥
0
) and parameter space are not translational as
the following shows:
RJ,1 :

α0
α1
α2
α3
α4
α5
α6
α7
α8

7→

−1 0 0 0 0 0 0 0 0
−1 −1 −4 −6 −5 −4 −3 −2 −3
0 0 1 2 1 0 0 0 1
0 0 0 −1 0 0 0 0 0
0 0 0 0 −1 0 0 0 0
1 1 2 4 4 3 3 2 2
0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 −1


α0
α1
α2
α3
α4
α5
α6
α7
α8

, (3.18)
RJ,1(ci) = −ci +
c1234 − c5678
4
− κ, i = 1, . . . , 4, (3.19)
RJ,1(c j) = −c j +
c1234 + 3c5678
4
− κ, j = 5, . . . , 8, RJ,1(η) = η +
λ
2
, (3.20)
where κ is defined by (2.2). However, when the parameters take special values (2.6), the
action of RJ,1 becomes the translational motion in the parameter subspace:
RJ,1 : (γe, γo, z0) 7→ (γe, γo, z0 + 2(γe + γo) − 2κ), (3.21)
and then the action on the coordinates:
RJ,1 : (x, y) 7→ (x˜, y˜), (3.22)
gives Equation (1.1). Here, we also consider the translation
TJ,1 = RJ,1
2 (3.23)
whose actions on the root lattice Q(A
(1)⊥
0
) and parameter space are given by
TJ,1(α1) = α1 − 2δ, TJ,1(α5) = α5 + δ, (3.24)
TJ,1 : (ci, ci+4, η) 7→ (ci − λ, ci+4 + λ + 4κ, η + λ − 2κ), i = 1, . . . , 4. (3.25)
The action on the coordinates:
TJ,1 : (x, y) 7→ (x, y), (3.26)
gives the following elliptic Painleve´ equation:
(
k cd (η − c8 + κ) y + 1
k cd (η − c7 + κ) y + 1
)  x˜ − cd
(
η − c7 +
c5678
2
+ λ + κ
)
x˜ − cd
(
η − c8 +
c5678
2
+ λ + κ
)

= G c5678−2c5+λ
2
,
c5678−2c6+λ
2
,
c5678−2c7+λ
2
,
c5678−2c8+λ
2
,η+ λ
2
+κ
×
P c5678−2c5+λ
2
,
c5678−2c6+λ
2
,
c5678−2c7+λ
2
,η+ λ
2
+κ
(x˜, y˜)
P c5678−2c5+λ
2
,
c5678−2c6+λ
2
,
c5678−2c8+λ
2
,η+ λ
2
+κ
(x˜, y˜)
, (3.27a)
(
k cd (η + c4 + κ) x + 1
k cd (η + c3 + κ) x + 1
) (
k cd (η − c3 + 2λ + κ) y + 1
k cd (η − c4 + 2λ + κ) y + 1
)
= G
η−c1+
c1234
4
+λ,η−c2+
c1234
4
+λ,η−c3+
c1234
4
+λ,η−c4+
c1234
4
+λ,
c5678+2λ
4
+κ
×
P
η−c1+
c1234
4
+λ,η−c2+
c1234
4
+λ,η−c3+
c1234
4
+λ,
c5678+2λ
4
+κ
(
−1
ky
, x˜
)
P
η−c1+
c1234
4
+λ,η−c2+
c1234
4
+λ,η−c4+
c1234
4
+λ,
c5678+2λ
4
+κ
(
−1
ky
, x˜
) , (3.27b)
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where x˜ = RJ,1(x) and y˜ = RJ,1(y) are given byk cd
(
η + c8 −
c5678
2
)
y˜ + 1
k cd
(
η + c7 −
c5678
2
)
y˜ + 1

(
x − cd (η + c7)
x − cd (η + c8)
)
= Gc5,c6,c7,c8,η
Pc5,c6,c7,η (x, y)
Pc5,c6,c8,η (x, y)
, (3.27c)
k cd
(
η − c4 +
c1234
2
)
x˜ + 1
k cd
(
η − c3 +
c1234
2
)
x˜ + 1

k cd
(
η + c3 +
c5678
2
)
y˜ + 1
k cd
(
η + c4 +
c5678
2
)
y˜ + 1

= Gη+c1+
c5678
4
,η+c2+
c5678
4
,η+c3+
c5678
4
,η+c4+
c5678
4
,
c5678
4
×
Pη+c1+
c5678
4
,η+c2+
c5678
4
,η+c3+
c5678
4
,
c5678
4
(
−1
ky˜
, x
)
Pη+c1+
c5678
4
,η+c2+
c5678
4
,η+c4+
c5678
4
,
c5678
4
(
−1
ky˜
, x
) . (3.27d)
Here, for conciseness, we provide the termsGa1,a2,a3,a4,b , Qa1,a2,a3,a4,a5,b (X) and Pa1,a2,a3,b (X, Y)
in Appendix A.
Remark 3.2. The periodicity of Jacobian elliptic functions in Equations (1.1) and (3.27)
allows us to take the actions (3.21) and (3.25) to be
RJ,1 : (γe, γo, z0) 7→ (γe, γo, z0 + 2(γe + γo)), (3.28)
TJ,1 : (ci, ci+4, η) 7→ (ci − λ, ci+4 + λ, η + λ), i = 1, . . . , 4, (3.29)
respectively, without loss of generality.
Remark 3.3. The relation (3.23) is the key to the reduction of Equation (3.27) to Equation
(1.1). Under the conditions (2.6), it gives the projective reduction of Equation (3.27) to
Equation (1.1). (See [12, 13] for more detail.) We therefore refer to Equation (1.1) as the
projectively-reduced equation of Equation (3.27). Conversely, we refer to Equation (3.27)
as the generic version of Equation (1.1). Note that the word “generic” here has a specific
meaning. An equation is called generic only when it has the same number of parameters
as the corresponding surface-type discrete Painleve´ equation in Sakai’s list [22].
Remark 3.4. Often a discrete Painleve´ equation can be extended up to a generic version
by singularity confinement [9, 21]. However, Equation (1.1) has a reduced number of
parameters after applying the singularity confinement criterion (see [20]). The reason is
some of the coefficients in Equation (3.27) become zero under the condition (2.6). In such
a case, singularity confinement cannot be used to extend the equation up to the generic
version. We note that a similar observation has also been reported for another example
in [10].
Next, we provide a new expression for the MSY elliptic Painleve´ equation investigated
in [16–19, 22]. Moreover, we also construct its projectively-reduced equation.
Define a translation of W˜
(
E
(1)
8
)
by
TJ,2 = RJ,2
2, (3.30)
where
RJ,2 = s23483256457067348356452348321 , (3.31)
whose action on the root lattice Q(A
(1)⊥
0
) is given by
TJ,2(α1) = α1 − 2δ, TJ,2(α2) = α2 + δ. (3.32)
The translation TJ,2 actually corresponds to the translation dP(A
(1)
0
) in [17]. However, it
was expressed in terms of Weierstrass elliptic functions. We now convert this translation
to Jacobian elliptic functions by using the birational actions (3.2). Consider the following
action of TJ,2:
TJ,2 :
(
c1, c2, c3, c4
c5, c6, c7, c8
, η, x, y
)
7→
(
c1, c2, c3, c4
c5, c6, c7, c8
, η + λ, x, y
)
. (3.33a)
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Here, x and y are given by(
y − cd (η − c8 + λ)
y − cd (η − c7 + λ)
) (
x − cd (η + c7)
x − cd (η + c8)
)
=
1 −
cd(η−c8+λ)
cd(3η+c6+λ)
1 −
cd(η−c7+λ)
cd(3η+c6+λ)


1 −
cd
(
2η+
c7−c8
2
+λ
)
cd
(
c6+
c7+c8
2
−λ
)
1 −
cd
(
2η−
c7−c8
2
+λ
)
cd
(
c6+
c7+c8
2
−λ
)


1 −
cd
(
2η−
c7−c8
2
+λ
)
cd
(
2η+c6−
c7+c8
2
+λ
)
1 −
cd
(
2η+
c7−c8
2
+λ
)
cd
(
2η+c6−
c7+c8
2
+λ
)


1 −
cd(η+c8+
c1234
2 )
cd(η+c5+
c1234
2 )
1 −
cd(η+c7+
c1234
2 )
cd(η+c5+
c1234
2 )

×

Qc5 ,c6 ,c3 ,c7 ,c1234 ,η(x)
Pc1 ,c2 ,c4 ,η(x,y)
−
x−cd(η+c3)
x−cd(η+c4)
Qc5 ,c6 ,c4 ,c7 ,c1234 ,η(x)
Gc1 ,c2 ,c3 ,c4 ,η Pc1 ,c2 ,c3 ,η(x,y)
Qc5 ,c6 ,c3 ,c8 ,c1234 ,η(x)
Pc1 ,c2 ,c4 ,η(x,y)
−
x−cd(η+c3)
x−cd(η+c4)
Qc5 ,c6 ,c4 ,c8 ,c1234 ,η(x)
Gc1 ,c2 ,c3 ,c4 ,η Pc1 ,c2 ,c3 ,η(x,y)
 , (3.33b)(
x − cd (η + c1 + λ)
x − cd (η + c2 + λ)
) (
y − cd (η − c2 + λ)
y − cd (η − c1 + λ)
)
=
1 −
cd(η+c1+λ)
cd(3η−c3+3λ)
1 −
cd(η+c2+λ)
cd(3η−c3+3λ)


1 −
cd
(
2η+
c1−c2
2
+2λ
)
cd
(
c3+
c1+c2
2
)
1 −
cd
(
2η−
c1−c2
2
+2λ
)
cd
(
c3+
c1+c2
2
)


1 −
cd
(
2η−
c1−c2
2
+2λ
)
cd
(
2η−c3+
c1+c2
2
+2λ
)
1 −
cd
(
2η+
c1−c2
2
+2λ
)
cd
(
2η−c3+
c1+c2
2
+2λ
)


1 −
cd(η−c1+
c1234
2
+λ)
cd(η−c4+
c1234
2
+λ)
1 −
cd(η−c2+
c1234
2
+λ)
cd(η−c4+
c1234
2
+λ)

×

Q λ
2
−c4 ,
λ
2
−c3 ,
λ
2
−c6 ,
λ
2
−c2 ,c1234 ,η+
λ
2
(y)
P λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c5 ,η+
λ
2
(y,x)
−
y−cd(η−c6+λ)
y−cd(η−c5+λ)
Q λ
2
−c4 ,
λ
2
−c3 ,
λ
2
−c5 ,
λ
2
−c2 ,c1234 ,η+
λ
2
(y)
G λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c6 ,
λ
2
−c5 ,η+
λ
2
P λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c6 ,η+
λ
2
(y,x)
Q λ
2
−c4 ,
λ
2
−c3 ,
λ
2
−c6 ,
λ
2
−c1 ,c1234 ,η+
λ
2
(y)
P λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c5 ,η+
λ
2
(y,x)
−
y−cd(η−c6+λ)
y−cd(η−c5+λ)
Q λ
2
−c4 ,
λ
2
−c3 ,
λ
2
−c5 ,
λ
2
−c1 ,c1234 ,η+
λ
2
(y)
G λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c6 ,
λ
2
−c5 ,η+
λ
2
P λ
2
−c8 ,
λ
2
−c7 ,
λ
2
−c6 ,η+
λ
2
(y,x)
 .
(3.33c)
Now consider the special choices of parameters:
c5 + c4 = c6 + c3 = c7 + c2 = c8 + c1 =
λ
2
. (3.34)
Then, the transformation RJ,2 acts on this parameter subspace and variables x, y as
RJ,2 : (c1, c2, c3, c4, η, x, y) 7→
(
c1, c2, c3, c4, η +
λ
2
, x˜, x
)
. (3.35)
This leads to a scalar second-order mapping for x alone, given by(
˜˜x − cd (η + c1 + λ)
˜˜x − cd (η + c2 + λ)
) (
x˜ − cd (η − c2 + λ)
x˜ − cd (η − c1 + λ)
)
=
1 −
cd(η+c1+λ)
cd(3η−c3+3λ)
1 −
cd(η+c2+λ)
cd(3η−c3+3λ)


1 −
cd
(
2η+
c1−c2
2
+2λ
)
cd
(
c3+
c1+c2
2
)
1 −
cd
(
2η−
c1−c2
2
+2λ
)
cd
(
c3+
c1+c2
2
)


1 −
cd
(
2η−
c1−c2
2
+2λ
)
cd
(
2η−c3+
c1+c2
2
+2λ
)
1 −
cd
(
2η+
c1−c2
2
+2λ
)
cd
(
2η−c3+
c1+c2
2
+2λ
)


1 −
cd(η−c1+
c1234
2
+λ)
cd(η−c4+
c1234
2
+λ)
1 −
cd(η−c2+
c1234
2
+λ)
cd(η−c4+
c1234
2
+λ)

×

Q λ
2
−c4 ,
λ
2
−c3 ,c3 ,
λ
2
−c2 ,c1234 ,η+
λ
2
(x˜)
P
c1 ,c2 ,c4 ,η+
λ
2
(x˜,x)
−
x˜−cd(η+c3+ λ2 )
x˜−cd(η+c4+ λ2 )
Q λ
2
−c4 ,
λ
2
−c3 ,c4 ,
λ
2
−c2 ,c1234 ,η+
λ
2
(x˜)
G
c1 ,c2 ,c3 ,c4 ,η+
λ
2
P
c1 ,c2 ,c3 ,η+
λ
2
(x˜,x)
Q λ
2
−c4 ,
λ
2
−c3 ,c3 ,
λ
2
−c1 ,c1234 ,η+
λ
2
(x˜)
P
c1 ,c2 ,c4 ,η+
λ
2
(x˜,x)
−
x˜−cd(η+c3+ λ2 )
x˜−cd(η+c4+ λ2 )
Q λ
2
−c4 ,
λ
2
−c3 ,c4 ,
λ
2
−c1 ,c1234 ,η+
λ
2
(x˜)
G
c1 ,c2 ,c3 ,c4 ,η+
λ
2
P
c1 ,c2 ,c3 ,η+
λ
2
(x˜,x)
 , (3.36)
which is the projectively-reduced equation of the MSY elliptic Painleve´ equation (3.33).
Remark 3.5. Recall that a Kac translation Tα : Pic(X) → Pic(X) is defined by
Tα(λ) = λ + (δ|λ)α −
(
(α|α)(δ|λ)
2
+ (α|λ)
)
δ, λ ∈ Pic(X), (3.37)
and, therefore, its squared length is given by −(α|α).
In [18], Ohta et al. discovered that NVs are equivalent to each other under the opera-
tions of the Weyl group W
(
E
(1)
8
)
= 〈s0, . . . , s8〉 and the same holds for NNVs. TJ,1 and TJ,2
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are expressed by Kac transformations as the following:
TJ,1 = T2H0−
∑8
i=5 Ei
, TJ,2 = TH0−H1 . (3.38)
Since
−
2H0 −
8∑
i=5
Ei
∣∣∣∣∣∣∣2H0 −
8∑
i=5
Ei
 = 4, −(H0 − H1|H0 − H1) = 2,
TJ,1 and TJ,2 are a NNV and a NV, respectively. In this sense, the translation TJ,1 differs
from TJ,2.
Remark 3.5 shows that Equation (3.27) forms a new system of elliptic difference equa-
tions, which differs from the MSY elliptic difference equation given originally by Sakai.
Since the generic versions of equations are different, Equation (3.36) differs from Equation
(1.1). In this sense, Equation (3.36) is also a new elliptic difference equation.
4. Concluding remarks
In this paper, we have constructed the birational actions of the Cremona isometries
W˜
(
E
(1)
8
)
for the A
(1)J
0
-surface. Equation (1.1) is realized in terms of birational actions of
Cremona isometries for the first time. Using birational actions, we further derived the
elliptic Painleve´ equations (3.27), (3.33) and (3.36).
Equation (3.33) is a new expression of the important elliptic Painleve´ equation studied
in [16–19,22]. For a long time, this equation remained the unique elliptic Painleve´ equation
known with 8 parameters. In this paper, we provided a new elliptic Painleve´ equation
which also has 8 parameters. We showed that it must be different because it is realized
in terms of translations in W˜
(
E
(1)
8
)
, which are not conjugate to those that give rise to the
previously known elliptic difference equation. Furthermore, we provided a projectively-
reduced version of the MSY elliptic Painleve´ equation, namely Equation (3.36). We also
showed that Equation (3.27) is a generic version of Equation (1.1).
These results lead to more questions. The search for Lax pairs of these new equations
remains open. Moreover, special function solutions of the projectively-reduced equations
(3.36) and (1.1) remain to be found.
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Appendix A. Jacobian elliptic functions
To make this paper self-contained, we recall needed information about Jacobian elliptic
functions and define notations (see [5, Chapter 22] and [23]).
The Jacobian elliptic functions are given by
sn (u) = sn (u, k) , cn (u) = cn (u, k) , dn (u) = dn (u, k) , cd (u) =
cn (u)
dn (u)
, (A.1)
where the functions sn(u) and cd(u) are even, while the functions cn(u) and dn(u) are odd.
The Jacobi theta-functions are given by
H(u) = H(u, k), Θ(u) = Θ(u, k), H1(u) = H(u + K), Θ1(u) = Θ(u + K), (A.2)
where the functions Θ(u), H1(u) and Θ1(u) are even, while the function H(u) is odd (see
[23, §21.62] and [1, §16.31] for definitions of these standard functions). Here, k and k′
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are the modulus and the complementary modulus of the elliptic sine, respectively, which
satisfy
k2 + k′2 = 1. (A.3)
K = K(k) and K′ = K′(k) are complete elliptic integrals and also periodical parameters of
Jacobian elliptic functions, e.g. the periods of the function sn(u) are 4K and 2iK′. We note
that the following formulae hold:
sn (u) =
H(u)
k1/2Θ(u)
, cn (u) =
k′1/2H1(u)
k1/2Θ(u)
, dn (u) =
k′1/2Θ1(u)
Θ(u)
, (A.4)
sn2 (u) + cn2 (u) = 1, k2sn2 (u) + dn2 (u) = 1, cd (u) = sn (u + K) , (A.5)
sn (u + v) =
sn (u)2 − sn (v)2
sn (u) cn (v) dn (v) − sn (v) cn (u) dn (u)
, (A.6)
cd (u + 4K) = cd (u) , cd
(
u + 2iK′
)
= cd (u) , (A.7)
cd (u + 2K) = −cd (u) , cd
(
u + iK′
)
=
1
k cd (u)
, (A.8)
Θ(u)H(v) + H(u)Θ(v) =
2H
(
u+v
2
)
Θ
(
u+v
2
)
H1
(
u−v
2
)
Θ1
(
u−v
2
)
H1(0)Θ1(0)
. (A.9)
Throughout this paper, we also use the functions Ga1,a2,a3,a4,b , Qa1,a2,a3,a4,a5,b (X) and
Pa1,a2,a3,b (X, Y) defined by
Ga1,a2,a3,a4,b =

1 −
cd
(
a4+
a1+a2
2
)
cd
(
a2+
a1+a2
2
)
1 −
cd
(
a3+
a1+a2
2
)
cd
(
a2+
a1+a2
2
)

1 −
cd(b−a4)
cd(b−a1)
1 −
cd(b−a3)
cd(b−a1)


1 −
cd
(
b+a4−
a1+a2+a3+a4
2
)
cd
(
b+a2+
a1+a2+a3+a4
2
)
1 −
cd
(
b+a3−
a1+a2+a3+a4
2
)
cd
(
b+a2+
a1+a2+a3+a4
2
)


1 −
cd
(
a3+
a1+a2
2
)
cd
(
2b+a2−
a1+a2
2
)
1 −
cd
(
a4+
a1+a2
2
)
cd
(
2b+a2−
a1+a2
2
)
 ,
(A.10)
Qa1,a2,a3,a4,a5,b (X)
=
(
cd
(
b + a3 −
a5
2
)
− cd
(
b + a2 +
a5
2
)) (
cd
(
b + a1 +
a5
2
)
− cd
(
b + a4 +
a5
2
))
×
(
cd (b + a4) cd (b + a1) + cd (b + a2) X
)
+
(
cd
(
b + a3 −
a5
2
)
− cd
(
b + a1 +
a5
2
))
×
(
cd
(
b + a4 +
a5
2
)
− cd
(
b + a2 +
a5
2
)) (
cd (b + a4) cd (b + a2) + cd (b + a1) X
)
−
(
cd
(
b + a3 −
a5
2
)
− cd
(
b + a4 +
a5
2
)) (
cd
(
b + a1 +
a5
2
)
− cd
(
b + a2 +
a5
2
))
×
(
cd (b + a1) cd (b + a2) + cd (b + a4) X
)
, (A.11)
Pa1,a2,a3,b (X, Y) = C1XY + C2X +C3Y +C4, (A.12)
where
C1 =
(
cd (b − a3) − cd (b − a2)
)
cd (b + a1) +
(
cd (b − a1) − cd (b − a3)
)
cd (b + a2)
+
(
cd (b − a2) − cd (b − a1)
)
cd (b + a3) ,
C2 =
(
cd (b − a2) − cd (b − a3)
)
cd (b − a1) cd (b + a1)
+
(
cd (b − a3) − cd (b − a1)
)
cd (b − a2) cd (b + a2)
+
(
cd (b − a1) − cd (b − a2)
)
cd (b − a3) cd (b + a3) ,
C3 =
(
cd (b + a3) − cd (b + a2)
)
cd (b − a1) cd (b + a1)
+
(
cd (b + a1) − cd (b + a3)
)
cd (b − a2) cd (b + a2)
+
(
cd (b + a2) − cd (b + a1)
)
cd (b − a3) cd (b + a3) ,
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C4 =
(
cd (b + a2) cd (b − a3) − cd (b − a2) cd (b + a3)
)
cd (b − a1) cd (b + a1)
+
(
cd (b + a3) cd (b − a1) − cd (b − a3) cd (b + a1)
)
cd (b − a2) cd (b + a2)
+
(
cd (b + a1) cd (b − a2) − cd (b − a1) cd (b + a2)
)
cd (b − a3) cd (b + a3) .
Appendix B. Relation between the A
(1)
0
- and A
(1)J
0
-surface
In this section, we give the one-to-one correspondence between the A
(1)
0
- and A
(1)J
0
-
surface, which are characterized by the base points (B.7) and (2.4), respectively.
Using Landen transformations:
cn (u, k) =
1 − 2
1+k
sn
(
1+k
2
x, 2k
1/2
1+k
)2
dn
(
1+k
2
x, 2k
1/2
1+k
) , dn (u, k) = 1 − 2k1+k sn
(
1+k
2
x, 2k
1/2
1+k
)2
dn
(
1+k
2
x, 2k
1/2
1+k
) , (B.1)
and defining Weierstrass ℘ function in terms of the Jacobian elliptic function sn by
℘ (u; k) =
e1(k) − e3(k)
sn2
(
(e1(k) − e3(k))1/2u, k
) + e3(k), (B.2)
where, ei(k), i = 1, 2, 3, satisfy
k = −
(e2(k) − e3(k))
1/2
(e1(k) − e3(k))1/2
, k′ =
(e1(k) − e2(k))
1/2
(e1(k) − e3(k))1/2
, e1(k) + e2(k) + e3(k) = 0, (B.3)
we obtain the following one-to-one correspondence between Jacobian elliptic function cd
and Weierstrass ℘ function:
cd (u, k) =
(1 + k)℘ (ω; l) − 2e1(l) + (1 − k)e3(l)
(1 + k)℘ (ω; l) − 2ke1(l) − (1 − k)e3(l)
, (B.4)
where
ω =
(1 + k)u
2(e1(l) − e3(l))1/2
, l =
2k1/2
1 + k
. (B.5)
By defining new coordinates ( f , g) and parameters bi, i = 1, . . . , 8, and t as the following:
x =
(1 + k) f − 2e1(l) + (1 − k)e3(l)
(1 + k) f − 2ke1(l) − (1 − k)e3(l)
, y =
(1 + k)g − 2e1(l) + (1 − k)e3(l)
(1 + k)g − 2ke1(l) − (1 − k)e3(l)
, (B.6a)
bi =
(1 + k)ci
2(e1(l) − e3(l))1/2
, i = 1, . . . , 8, t =
(1 + k)η
2(e1(l) − e3(l))1/2
, (B.6b)
the eight base points (2.4) can be rewritten as
pi : ( f , g) =
(
℘ (bi + t) , ℘ (t − bi)
)
, i = 1, . . . , 8, (B.7)
which is the Weierstrass ℘ function’s setting (A
(1)
0
-surface) investigated in [17]. There-
fore, the relations (B.6) give the one-to-one correspondence between the A
(1)
0
- and A
(1)J
0
-
surface.
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